Abstract. We formulate some refinements of Goldbach's conjectures based on heuristic arguments and numerical data. For instance, any even number greater than 4 is conjectured to be a sum of two primes with one prime being 3 mod 4. In general, for fixed m and a, b coprime to m, any positive even n ≡ a + b mod m outside of a finite exceptional set is expected to be a sum of two primes p and q with p ≡ a mod m, q ≡ b mod m. We make conjectures about the growth of these exceptional sets.
Introduction
Let p and q denote prime numbers. The binary (or strong) Goldbach conjecture asserts that any even n > 2 is of the form p + q. There is both strong heuristic evidence that this is true for sufficiently large n and enormous numerical evidence that this is true for n > 2. The same heuristic evidence, together with equidistibution of primes congruence classes mod m, suggests the following: Conjecture 1.1. Fix a, b, m ∈ Z with gcd(a, m) = gcd(b, m) = 1. For sufficiently large even n ≡ a+b mod m, we can write n = p+q for some primes p ≡ a mod m, q ≡ b mod m.
While we do not know an explicit statement of this conjecture in the literature, we do not claim any originality in its formulation.
Denote by E a,b,m the set of positive even n ≡ a + b mod m which are not of the form asserted in the conjecture. This is called the exceptional set for (a, b, m), and the conjecture asserts E a,b,m is finite. Note for a = b = 1 and m = 2, this is a (still unknown) weak form of the binary Goldbach conjecture. Specifically, the binary Goldbach conjecture is equivalent to the statement that E 1,1,2 = {2, 4}.
In this note, we present some heuristic and numerical investigations on the behavior of these exceptional sets. This leads to both explicit forms of Goldbach's conjecture with primes in arithmetic progressions and conjectures about the growth of E a,b,m .
First we state a few explicit Goldbach-type conjectures:
Conjecture 1.2. Any positive even n as below is of the form p + q with p and q satisfying the following congruence conditions: (i) any even n > 4, where p ≡ 3 mod 4;
(ii) any n ≡ 0 mod 4 except n = 4, where p ≡ 1 mod 4, q ≡ 3 mod 4; (iii) any n ≡ 2 mod 4 except n = 2, where p ≡ q ≡ 3 mod 4; (iv) any n ≡ 2 mod 4 except n = 2, 6, 14, 18, 62, where p ≡ q ≡ 1 mod 4. We note that (ii) is already implied by Goldbach's conjecture, whereas (iii) and (iv) are not. Then (ii) and (iii) imply (i), which may be viewed as a refinement of the binary Goldbach conjecture. The notion that the exceptional set should be smaller in case (iii) rather than (iv) makes sense in light of prime number races, specifically that there are more small primes which are 3 mod 4 than 1 mod 4.
For moduli m = 4, we just list some sample conjectures about when every (or almost every) multiple of m is of the form p+q with p and q each coming from single progressions mod m: Conjecture 1.3. Any positive even n as below is of the form p + q with p and q satisfying the following congruence conditions:
(i) any even n ≡ 0 mod 3 except n = 6, where p ≡ −q ≡ 1 mod 3;
(ii) any even n ≡ 0 mod 5 (resp. except n=10, 20), where p ≡ −q ≡ 2 mod 5 (resp. p ≡ −q ≡ 1 mod 5); (iii) any even n ≡ 0 mod 7, where p ≡ −q ≡ 3 mod 7; (iv) any even n ≡ 0 mod 11, where p ≡ −q ≡ 3 mod 11; (v) any n ≡ 0 mod 8, where p ≡ −q ≡ 3 mod 8; (vi) any n ≡ 0 mod 16, where p ≡ −q ≡ 3 mod 16; (vii) any n ≡ 0 mod 60, where p ≡ −q ≡ a mod 60 and a is any fixed integer coprime to 60 which is not ±1, ±11 mod 60.
Of these, only the first is a direct consequence of the binary Goldbach conjecture, which we list simply for means of comparison. The others come from calculations that we describe in Section 3.
Namely, we compute the following. First, we may as well assume m is even. Then we call (a, b) or (a, b, m) admissible if a, b ∈ (Z/mZ) × . We compute the exceptions n in E a,b,m for all admissible (a, b, m) with m ≤ 200 up to at least n = 10 7 . This appears sufficiently large in our cases of consideration to believe that we find the full exceptional sets for such (a, b, m).
Likely of more interest than numerous explicit such conjectures is a general understanding of the behaviour of the exceptional sets. The first question to ask is:
There are a few ways to interpret this: we can look at the growth of the size of |E a,b,m | or the growth of the sizes of the individual exceptions n ∈ E a,b,m , and either of these can be interpreted in an average sense or in the sense of looking for an absolute or asymptotic bound. Let E max (m) be the maximum of the exceptions in E a,b,m (ranging over a, b ∈ (Z/mZ) × ) and let L avg (m) be the average length (size) of the exceptional sets E a,b,m for a fixed m. Then the heuristics we discuss in Section 2 suggest the following:
Admittedly our heuristics are rather simplistic (they are too simplistic to suggest precise asymptotics), but since the numerical data we present in Section 3 is in strong agreement with these heuristics, it seems reasonable to believe the above conjecture. In addition, our numerical data suggests that E max (m) grows roughly like a quadratic function of m, which suggests that the growth bound in (i) is not too much of an overestimate (see Fig. 2 ).
Our data also suggests that as m grows, while the proportion of admissible (a, b) with E a,b,m = ∅ may decrease on average, there are still many (a, b) with no exceptional sets (see Table 2 ), leading to: Conjecture 1.6. There infinitely many tuples (a, b, m) such that E a,b,m = ∅.
We are less confident in this conjecture as precise heuristics about this seem a bit more delicate (we do not attempt them here), but it at least seems plausible in connection with Conjecture 1.5. Namely, for fixed m the expected length of an exceptional set may be something roughly logarithmic in m, but we have φ(m) 2 such exceptional sets, so there will be a good chance some of them are empty as long as the variance of |E a,b,m | is not too small.
We note that a number of authors (e.g., [Lav61] , [BW13] , [Bau17] ) have studied the behaviour of E a,b,m analytically. However, present analytic methods seem to still be far from showing finiteness of E a,b,m , let alone attacking the finer questions we explore here.
Lastly, we remark that one can similarly look at versions of the ternary Goldbach conjecture with primes in progressions. However, an answer to the binary case will also give results about the ternary case, in the same way that the strong Goldbach conjecture implies the weak Goldbach conjecture (the latter of which is now a theorem [Hel13] ). We simply state one ternary analogue of Conjecture 1.2(i):
Conjecture 1.7. Any odd integer n > 5 is of the form n = p + q + r for primes p, q, r with p ≡ q ≡ 2 mod 3.
To see this, our calculations suggest E 5,5,6 = {4} (see Section 3.2), which would imply E 2,2,3 = ∅, so in the conjecture we can take p + q to be an arbitrary even number which is 1 mod 3, and then r ∈ {3, 5, 7}. Unlike the usual ternary Goldbach conjecture, this does not seem to be known at present. See [LP10] , [Sha14], [She16] for results in this direction.
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Heuristics
Let n > 2 be even, and g 2 (n) be the number of ways to write n = p + q for primes p and q. In 1922, Hardy and Littlewood conjectured
where S(n) is the singular series, which is 0 for odd n and on average it is is 2 for even n. For a refinement, see [Gra07] . For our heuristics, we will naively approximate g 2 (n) by the conjectural average 2n (log n) 2 . This simplification is justified in our heuristic upper bounds as S(n) > 1 for even n.
Fix an even modulus m. Let r be the integer part of expected number of admissible (a, b) ∈ ((Z/mZ) × ) 2 such that a+b ≡ n (averaged over even 0 ≤ n < m), i.e., r = [
We want to estimate the probability that n ∈ E a,b,m for some admissible pair (a, b) ∈ ((Z/mZ) × ) 2 . We will use the following simplistic but reasonable model: we think of ordered pairs of primes (p, q) solving p+q = n as a collection of g 2 (n) independent random events, with the reduction mod m of (p, q) landing in any of the r admissible classes (a + mZ, b + mZ) with equal probability. (Obviously (p, q) and (q, p) are not independent, but this is not so important for our heuristics.) Immediately this suggests Conjecture 1.1, but we want to speculate more precisely on the growth rate of the exceptional sets E a,b,m as m → ∞.
We recall the coupon collector problem. Say we have r initially empty boxes, and at each time t ∈ N, a coupon is placed in one box at chosen random. Assume at each stage, each box is selected with equal probability 1 r . Let W = W r be the random variable representing the waiting time until all boxes have at least 1 coupon.
Let X s denote a geometric random variable such that P (X s = k) = (1 − s) k−1 s is the probability of initial success after exactly k trials, where each trial has independent probability of success s. The problem is to determine the expected value E[W ]. It is easy to see that W = X r/r + X (r−1)/r + · · · X 1/r (where the X s 's are independent), and thus
j is the r-th harmonic number. Thus, in our model, the probability that n ∈ E a,b,m for some (a, b) is simply P (W r > g 2 (n)). One has
where k r denotes the Stirling number of the second kind, i.e., the number of ways to partition a set of size k into r nonempty subsets. Now we can bound each term on the right by r [r/2] (1 − 1/r) k , which will be less than ε k 2 r 4 for r large if
We can make this asymptotic inequality hold by taking k = Cr 2 , where C depends on ε, and then
Note for r and k of this form, the condition k > Cr 2 is satisfied when n (log n) 2 > 2Cm 2 , and thus when n > cm 2 (log m) 2 for a suitable constant c. Thus, for suitably large c, we have a heuristic upper bound on the probability that some E a,b,m contains an element n > cm 2 (log m) 2 of
for a uniform constant c 0 . The factor of r on the left inside the sum comes from accounting for each of the (on average) r classes of pairs (a, b) given m, n.
This suggests the following bound on the growth of exceptional sets stated in Conjecture 1.5(i):
Now let us consider the lengths |E a,b,m | of the exceptional sets. For fixed m, we will model |E a,b,m | as a random variable L(m). For a fixed n ≡ a + b mod m, the probability (using the model described above) that n ∈ E a,b,m is simply (1 − 1 r ) g 2 (n) . Hence the expected size of an exceptional set is
We approximate this with the sum (over all integers n ≥ 2):
as stated in Conjecture 1.5(ii).
Numerics
Now we present numerical data on the exceptional sets E a,b,m for (even) m ≤ 200.
3.1. The method and computational issues. Our approach, similar to many numerical verifications of Goldbach's conjecture, was roughly as follows. To find {n ∈ E a,b,m : n ≤ N }, we start with two sets of primes P = {p ≡ a mod m : p ≤ M } and Q = {q ≡ b mod m : q ≤ N } and determine which n ≤ N are not of the form p + q for p ∈ P , q ∈ Q, with M on the order of 10 4 or 10 5 depending on m. Then any potential exceptions below M are guaranteed to actually lie in E a,b,m , and any larger potential exceptions we checked individually by testing primality (deterministically) of n − p for various p. For each even m ≤ 200, and a, b ∈ (Z/mZ) × , we checked up to at least N = 10 7 using Sage. (We checked Conjecture 1.2 up to N = 10 8 .) We note that the binary Goldbach conjecture has been numerically verified for a much, much larger range (up to 4 · 10 18 in [OeSHP14] ). While one could certainly extend our calculations for larger N (and m) with more efficient implementation and computing resources, our goal here is not to push the limits of calculation, but rather to generate a reasonable amount of data to help formulate and support our conjectures.
That said, there are a couple of obstacles to do a similar amount of verification for various E a,b,m . First of all, we want to test many triples (a, b, m) which increases the amount of computation involved. Second, and much more significant, when we look for representations n = p+q with p and q in arithmetic progressions, the minimum value of p, say, for which such a representation is possible seems to increase much faster than without placing congruence conditions on p and q. In other words, to rule out almost all potential exceptions in the first stage of our algorithm above, for the same N we need to take M larger and larger with m. For instance, when m = 2 (the usual Goldbach conjecture) one can always take M < 10 4 (i.e., the least prime in a Goldbach partition) to rule out all exceptions for N ≤ 4 · 10 18 (see [OeSHP14] ), however this is not a sufficiently large value of M for many of our calculations. Already when N = 10 6 and M = 10 4 , there are 41 non-exceptions < 10 6 that we cannot rule out when m = 50, 24981 when m = 100, and 1148651 when m = 148.
3.2. Data and observations. For simplicity of exposition, we define our notation under the hypothesis: there are no exceptions n > 10 7 for m ≤ 200. This is believable as the largest exception we find is approximately 10 5 , and for a given m (with a, b varying) the gaps between one exception and the next largest exception appear to grow at most quadratically in the number of total exceptions.
Fix m.
) be the minimum (resp. maximum) of the lengths |E a,b,m | over a, b ∈ (Z/mZ) × . Let e m (resp.ẽ m ) denote the number of exceptions without (resp. with) multiplicity, i.e., the size of the set (resp. multiset) (a,b) E a,b,m , where a, b run over (Z/mZ) × .
We also consider the above quantities with the additional restriction that b ≡ −a mod m so as to treat the special case where n is a multiple of m. In this situation, we denote the analogous quantities with a superscript 0, e.g., E 0 max is the maximal n ∈ E a,b,m such that n is a multiple of m.
We list the first few explicit calculations of exceptional sets (under our hypothesis):
• E 1,1,2 = {2, 4}, which is equivalent to the binary Goldbach conjecture • E 1,1,4 = {2, 6, 14, 38, 62}, E 1,3,4 = {4}, and E 3,3,4 = {2} • E 1,1,6 = {2, 8}, E 1,5,6 = {6}, and E 5,5,6 = {4} • E 1,1,10 = {2, 12, 32, 152}, E 1,3,10 = E 7,7,10 = {4}, E 1,7,10 = {8}, E 1,9,10 = {10, 20}, E 3,3,10 = E 3,7,10 = ∅, E 3,9,10 = {2, 12}, E 7,9,10 = {6, 16}, and E 9,9,10 = {8, 18, 28, 68}
We summarize the data from our calculations in Table 1 . Note that E max and E 0 max , as well as the total number of exceptions, tend to be relatively larger when m is a power of 2 or twice a prime. In these cases φ(m) is relatively large, i.e., we have relatively more admissible pairs (a, b) to consider, so it makes sense that we pick up more exceptions. We illustrate this coincidence in the fluctuations of E max (m) and φ(m) in Fig. 1 .
While our numerics are somewhat limited, they suggest that the growth of E max (m) appears to be strictly slower than that of m 2 (log m) 2 as stated in Conjecture 1.5, and the true growth rate appears to be closer to O(m 2 ) or O(m 2 log m)-see Fig. 2 for an overlay of the graphs of E max (m) (black dots, with the scale on the left) and φ(m) ( gray x's, with the scale on the right).
Finally, we observe it often happens that (under our hypothesis), for fixed m, at least one admissible pair (a, b) has no exceptions, i.e., every n ≡ a + b mod m is of the form p + q with p ≡ a mod m and q ≡ b mod m. Both the number of such pairs (a, b) and the fraction of such pairs out of the total number φ(m) 2 of admissible pairs are tabulated in Table 2 . It appears that z m = #{(a, b) ∈ ((Z/mZ) × ) 2 : E a,b,m = ∅} tends to grow at least on average in several of the columns in Table 2 (e.g., when m is a multiple of 5 or 6). This suggests that z m is unbounded, and in particular suggests Conjecture 1.6. 
